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Abstract 
The r ecen t  secondary p a r t i c l e  s p e c t r a  from proton-proton 
i n t e r a c t i o n s  a t  machine energ ies  were analyzed by t h e  two-temper- 
ature s t a t i s t i ca l  model of.Wayland and Bowen t o  test  f o r  t he  
independence of t h e  long i tud ina l  and t r a n s v e r s e  momentum (Pa. and 
P t ,  r e s p e c t i v e l y ) .  It w a s  found t h a t  t h e  assumption of indepen- 
dence of Pa. and P is cons i s t en t  wi th  experiments.  t 
of t h e  l o n g i t u d i n a l  temperature wi th  i n c i d e n t  energy is  considered 
i n  d e t a i l .  The energy v a r i a t i o n  of t h e  m u l t i p l i c i t y  of p a r t i c l e s  
as a func t ion  of i nc iden t  energy is  found t o  be i n  agreement wi th  
cosmic r ay  r e s u l t s .  The parameters f o r  f i t t i n g  p a r t i c l e  s p e c t r a  
are given. 
The v a r i a t i o n  
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I. INTRODUCTION 
I n  t h e  las t  few years, d e t a i l e d  information of t h e  shape of p a r t i c l e  
s p e c t r a  from proton-proton and proton-nuclei  i n t e r a c t i o n s  a t  e n e r g i e s  g r e a t e r  
than  10 G e V  has  become a v a i l a b l e .  
models f o r  par t ic le  product ion more c a r e f u l l y .  The l a c k  of success  of o l d e r  
models l e d  t o  attempted new models t h a t  r e l y  more on phenomenological obser- 
v a t i o n s  . [1-51 
Thus, i t  is  p o s s i b l e  t o  check v a r i o u s  
A guiding p r i n c i p l e  t h a t  has  played a dominant r o l e  i s  t h e  
apparent  independence of t h e  t r a n s v e r s e  momentum d i s t r i b u t i o n  of produced 
p a r t i c l e s  from t h e  i n c i d e n t  energy of t h e  incoming p a r t i c l e .  Imeda [ 61 
has  made a c a r e f u l  a n a l y s i s  t h a t  seems t o  i n d i c a t e  only  one of t h e  proposed 
t r a n s v e r s e  momentum d i s t r i b u t i o n s  g i v e s  a s a t i s f a c t o r y  f i t .  
Wayland and Bawenr4] and Hagedorn"] had obta ined  t h e  same r e s u l t s .  
t h e  independency of t h e  t r ansve r se  momentum d i s t r i b u t i o n ,  Wayland and Bowen 
Independent ly ,  
Using 
[ 41  
developed a two-temperature model. A b a s i c  assumption of t h e  model i s  t h a t  
t h e  d i s t r i b u t i o n  func t ion  of  t h e  secondary p a r t i c l e s  can b e  w r i t t e n  as f ( P  ) 
* 
t * * * 
II g(PE) ;  i .e. t h a t  Pt ( t h e  t r ansve r se  momentum) and P ( t h e  l o n g i t u d i n a l  
momentum) are independent v a r i a b l e s .  The r e c e n t  BNL[71 r e s u l t s  , i n d i c a t e  t h a t  
t h e r e  are s t r o n g  experimental  grounds f o r  t h i s  assumption. With t h i s  i n  mind, 
w e  re-examined t h e  experimental  da t a .  General ly  w e  f i n d  t h a t  t h e  two-temperature 
model g ives  good f i t s  t o  experimental  d a t a .  The a n a l y t i c  form of t h e  two- 
temperature  model a l lows  easy  ex tens ion  of t h e  p r e d i c t i o n s  t o  cosmic r a y  
ene rg ie s .  
[41 I n  Sec t ion  I1 w e  w i l l  g i v e  the  main f e a t u r e s  of t h e  two-temperature model. 
Using t h e  r e s u l t s  of Sec t ion  I1 w e  examine, i n  Sec t ion  111, proton  s p e c t r a  from 
N-N i n t e r a c t i o n s .  We then  i n d i c a t e  how t o  extend t h e  c a l c u l a t i o n s  t o  o t h e r  
i n c i d e n t  ene rg ie s .  
s p e c t r a .  
by t h e  model ag rees  wi th  cosmic ray r e s u l t s .  
I n  Sec t ions  I V  and V we cons ider  p ion ,  kaon and a n t i p r o t o n  
F i n a l l y  t h e  energy v a r i a t i o n  of p a r t i c l e  m u l t i p l i c i t e s  as pred ic t ed  
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11. THE TWO TEMPERATURE: MODEL 
The main assumption of the two-temperature model is that there are two 
characteristic temperatures: one is associated with the transverse momentum 
distribution (To), the other with the longitudinal momentum distribution (T). 
The temperature, T, can be considered as the quasi-equilibrium condition at 
which the various particles "boil off" as the interaction volume cools. We 
start with quantum-statistical mechanical average occupation number density. 
u 
where P and m are the momentum and mass of the particles. 
tion of the negative sign for bosons and the positive sign for fermions. 
We use the conven- 
The 
normalized momentum distributions are: 
kLl 1 + T I  * 1 * *  T k=l 
a0 d*fi 
WiN)(P,)dP, = - 
m2c3 C (+)k+1K2(kmc2/T) /k 
k-1 
* 
n .  
L 0 k=l 0 (3)  
where 
.: - P*2 + m2, 
R 
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P:~ + m  2 , 
p2 
and t h e  K ' s  are modified Bessel func t ions  of t h e  second type. With t h e  
assumption t h a t  t h e  l o n g i t u d i n a l  temperature de te rmines  t h e  number of 
. 
p a r t i c l e s ,  n ,  w e  have 
2 2 h C  
k+l K 2 ( T )  V m c T  m 
. h3 k=l 
0 
k n =  C ( 2 )  9 
( 4 )  
where 
Thus t h e  f l u x  of par t ic les  is given by 
k+l -ku k'l 3 /2  m ku2 m C ( ? ) " ' K 1 ( ~ ,  Z ( 2 )  e x p ( F ) ( l  + T ) / k  
0 * 2 k = l  o k = l  v 
PtT u2 m 
d 2N = * *  2 4 3  dPtdPQ Tom c h 
C (2)"lK2(hc2/T )/k 
( 5 )  
0 k= 1 
or 
d2N - * * -  
dP dQ 
K 
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We a l s o  f i n d  for t h e  average  values of t h e  t r a n s v e r s e  and l o n g i t u d i n a l  
momentum 
Ks/2(m/To) 




We know exper imenta l ly  t h e  va lue  f o r  <P > f o r  v a r i o u s  p a r t i c l e s .  t 
T h i s  a l lows u s  t o  determine the va lue  of T f o r  each p a r t i c l e .  Then by 
vary ing  V 
energy and secondary p a r t i c l e  angle.  
parameters . )  Then us ing  Eqn. (5) or  ( 6 ) ,  w e  can p r e d i c t  t h e  r e s u l t s  a t  
d i f f e r e n t  angles .  
0 
and T ,  w e  can  f i t  experimental  r e s u l t s  a t  a g iven  i n c i d e n t  
0 
(We n o t e  t h a t  w e  r e q u i r e  t h r e e  
I 
I n  Sec t ion  I11 w e  show how t o  extend t h e  r e s u l t s  to 
d i f f e r e n t  i n c i d e n t  ene rg ie s .  
d a/dP dSl 
We make t h e  usua l  assumption t h a t  t o  f i n d  
2 * *  2 * *  w e  mul t ip ly  d N/dP dSl by t h e  i n e l a s t i c  c r o s s  s e c t i o n ,  uin. 
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111. PROTON SPECTRA 
Let  u s  now cons ider  t h e  proton s p e c t r a  from proton-proton i n t e r a c t i o n s  
With To = 0.12 2 0.002 G e V ,  T = 5.0 t 0.3 GeV and a = 0.43 f: a t  30 G e V / c .  
0.01, w e  f i n d  a f i t  t o  t h e  proton s p e c t r a  shown i n  Fig.  I. The f i t  is not  
p a r t i c u l a r l y  s e n s i t i v e  t o  the  value of T. 
ang le s  and secondary momentum. 
There is  good agreement f o r  a l l  
(One does not  expect  t o  f i t  t h e  d i f f r a c t i o n  
peaks.  ) 
I f  w e  can  s e p a r a t e  t h e  expression f o r  t h e  c r o s s  s e c t i o n  f o r  t h e  v a r i a b l e s  
* * 2 * *  * * 
II R t Pt and PR,  w e  would expect  t h a t  d a/dP dP as a func t ion  of P a t  a f i x e d  P * 
t o  fo l low t h e  express ion  f o r  W (P >. Using t h e  same parameters  as above, w e  
o b t a i n  Fig.  11. We n o t i c e  t h a t  the curves a r e  r e l a t i v e l y  f l a t  from . 2  G e V / c  
t o  3.0 G e V / c .  as a f u n c t i o n  of Pt f o r  0.2 G e V / c  
R &  
2 * *  * 
Thus i f  w e  p l o t  d a/dP dP t I I  -. * * 
t t  LP, 3.0 G e V / c ,  w e  would expect i t  t o  fo l low t h e  express ion  f o r  W (P ). The 
r e s u l t s  us ing  t h e  above va lues  fo r  T 
are f o r  P = 0.2 and 3.0 G e V / c .  
assumption t h a t  w e  can treat  P 
and T are  shown i n  F ig .  111. The curves  
0 * 
Thus t h e r e  is a s t r o n g  conf i rmat ion  of t h e  R * * 
and P as independent v a r i a b l e s .  
t R 
To extend our r e s u l t s  t o  o ther  va lues  of t h e  i n c i d e n t  momentum, w e  must 
f i n d  how T varies. Keeping T f i x e d ,  cons ider  
0 
' *  * *  
Ks Eo ' n < E >  = s s  
* 
S S 
where n is t h e  average number of s econdar i e s ,  s,  produced, <E > is t h e  average 
energy per  p a r t i c l e  of t h e  secondar ies ,  K is t h e  f r a c t i o n  of t h e  t o t a l  energy 
con ten t  of system a s s o c i a t e d  w i t h  t h e  secondary, s ,  and E i s  t h e  t o t a l  energy 





- 8 -  
hJc 
where 
W 2 2  
lan k% kul k u1 
Ts 
Q (>) *E* r (3 )  I exp(- T)(l + T + --)dpn. 
S 
S s 2T 
0 
When w e  i n s e r t  Eqn. (10) i n t o  Eqn. ( 9 ) ,  w e  f i n d  t h a t  
2 
k+l  h S c  * *  3 H (+) , 211v0t ) = K E  
3 Ts k=1 k3 $ 8 ' 7  S O '  h c  S 
* 
S 
By numerical i n t e g r a t i o n ,  we  can f i n d  how E is r e l a t e d  t o  m and T.  If w e  
. l e t  
k+l  kIn c2 2 m c  
S OD a(-) c 
k-1 k S 
TS 
2 m c  (-1 as a func t ion  of T and m. The r e s u l t s  are shown i n  s T  w e  can p l o t  
F ig .  I V  (We have kept  t h e  f i r s t  e i g h t  terms.). 
4 % T,  and w e  can write T = cons t  (E ) . 
Thus i n  t h e  case of pro tons ,  
* 114 
0 
Using t h i s  v a r i a t i o n  f o r  T, w e  compare our  p r e d i c t i o n  wi th  t h e  experi-  
ment'al r e s u l t s  a t  i n c i d e n t  momenta of 10 and 20 G e V / c  i n  Fig.  V.  The r e s u l t s  
are good a t  20 G e V / c .  
G e V / c .  
t h e  t r a n s v e r s e  and l o n g i t u d i n a l  momentum d i s t r i b u t i o n s  are ve ry  similar.  
However, w e  n o t i c e  t h a t  t h e  model does no t  f i t  a t  10 
We should expect t h i s ;  however, because a t  ene rg ie s  less than  15 G e V / c  
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Then there would not be a decoupl ing  and the two-temperature concept i s  
inval id.  The resu l t s  a t  zero degrees a t  18.8 and 2 3 . 1  GeV/c are shown in 
Fig .  VI. 
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I V .  PION SPECTRA 
When w e  f i t  t h e  n' product ion spectra i n  pp c o l l i s i o n s  a t  30 GeV/c, [7,81 
w e  f i n d  t h a t  To = 0.14 f 0.005 GeV and T 
GeV a n d a  += 1.31 f 0.01, a 
= .48 f 0.01 G e V ,  T = .40 f 0.01 n+ n- 
= 1 .42  f 0.01 g i v e  t h e  r e s u l t s  shown i n  F igs .  
. V I 1  and V I I I .  We have taken i n t o  account t h e  50% t a r g e t  e f f i c i e n c y  f o r  t h e  
e a r l i e r  d a t a  and assume 0 t 30 mb a t  30 GeV. The f i t  is good over a wide 
range  of angles  and secondary momenta. 
TI n- 
i n  
I n  obta in ing  t h e  above f i t  t o  t h e  d a t a ,  w e  have introduced a v a r i a t i o n  
i n  t h e  i n t e r a c t i o n  volume, V ( i . e .  normal iza t ion  c o n s t a n t ) ,  t h a t  is  dependent 
upon t h e  C. M. Angle. To show how t h i s  might a r i s e ,  l e t  u s  extend t h e  usua l  
concept involved i n  t h e  over lap  func t ion .  Consider two nucleons t h a t  j u s t  
0 
over lap .  
t he  mesonic c louds surrounding the co res  t o  produce a meson. (F ig . ' IXa) .  This  
then  is t h e  minimum i n t e r a c t i o n  volume V ' .  
t h e  cores  begin t o  i n t e r a c t  wi th  the  mesonic c louds.  
e f f i c i e n t  method of producing mesons than a meson cloud--meson cloud i n t e r -  
a t t i o n  (Fig.  IXb). When t h e r e  i s  a complete over lap  (Fig.  IXc),  t h e  co res  
are i n t e r a c t i n g  and the  mesonic clouds a r e  i n t e r a c t i n g .  Under t h i s  cond i t ion ,  
t h e  product ion of mesons w i l l  decrease and t h e  product ion of protons w i l l  
i nc rease .  Thus, w e  would expect  t he  i n t e r a c t i o n  volumn f o r  mesons t o  go through 
a maximum. We can e s t ima te  t h i s  maximum by not ing  t h a t  f o r  N s t o c h a s t i c  
When the  overlap volume reaches some minimum va lue , 'we  would expect  
A s  t h e  over lap  volume i n c r e a s e s ,  
0 
This  is  probably a more 
'momentum v e c t o r s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e i r  sum becomes gauss ian  
f o r  l a r g e  N. 
d i s t r i b u t i o n  superimposed upon the minimum volume V ' '  
0' 
It is  found t h a t  a b e s t  f i t  is  obtained f o r  a gauss ian  volume 
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where 
and 
<p * 2  > = < p y  + <P " 2  > , a 
u = 0.05 2 0.002 GeV/c, 
k' = 0.17 2 0.01 G e V / c  (a + ), 
The. F l t  js not r n d l c n l 1 . y  ciltc?rcd if wc assume V is cons tan t .  
0 
Using t h e  same parameters,  we can  f i t  t h e  d a t a  f o r  pions i n  t h e  
2 * *  * 
R d a/dPt dPR vs. P as shown i n  Fig. 11. -
When w e  examine Fig.  I V ,  w e  see t h a t  aga in  w e  can assumt T = cons t  (E * ) 114 . 
0 * 
a- 
I n  f a c t  i f  w e  se t  
a- 
from t h e  knowledge of <Pt> ,  <P > and Eo. 
1.7 a t  30 GeV,  w e  can f i n d  K + ( t h e  " i n e l a s t i c i t y " )  
* * * 
R 
* * 
This  g i v e s  K = 0.16 and K = 
a+ T- 
0.14. Using t h i s  in format ion  w e  extend our  r e s u l t s  t o  23.1, 20, 18.8 and 
10 G e V / c  i nc iden t  momenta. (Fig. 10 th ru  13) We n o t i c e  t h a t  t h e  10 G e V / c  
and 0' a t  18.8 and 23.1 G e V / c  do not agree.  
is expected. 
The l a c k  of a €it a t  10 GeV/c - 
The disagreement a t  0" probably r e s u l t s  from a process  t h a t  
does not  e s t a b l i s h  a thermodynamical quas iequi l ibr ium.  
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V. KAON AND ANTIPROTON SPECTRA 
+ When t h e  above approach is appl ied t o  K , K’ and s p e c t r a  from BNL 
a t  30 G e V ,  t h e  b e s t  r e s u l t s  are obtained f o r  t h e  choice  of t h e  parameters  
g iven  i n  Table  I. To o b t a i n  t h e  i n e l a s t i c i t i e s  we have assumed t h a t  
0.04, v / n  2 0.12 and n-/n = Using t h e  same a n a l y s i s  
TI- P TI- 
as above, we extend the  c a l c u l a t i o n s  t o  18.8 and 23.1 G e V / c .  The results 
are shown i n  F igs .  14 through 17. 
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V I .  MULTIPLICITY 
One way of checking t h e  v a l i d i t y  of t h i s  model a t  h ighe r  e n e r g i e s  is 
t o  calculate t h e  expected m u l t i p l i c i t y  of p a r t i c l e s  produced a t  v e r y  high 
ene rg ie s .  Using Eqn. ( 4 )  w e  f i n d  t h a t  t h e  m u l t i p l i c i t y  i s  g iven  by 
2 
2 K (- %= ) 
(Vo)sms CTs 03 k+l Ts N = E N s  = C E ( 5 )  k 
8 S h3 k-1 
I f  w e  u s e  t h e  va lues  f o r  T ,  V 
t h e  r e s u l t s  shown i n  F ig .  XVIII. W e  have included N % f o r  comparison 
( t h e  do t t ed  l i n e ) .  Thus, Eqn. ( 4 )  w i l l  tend t o  g i v e  an  upper l i m i t .  Because 
of t h e  way w e  have def ined  our c ross  s e c t i o n ,  t h i s  i n d i c a t e s  t h a t  t h e  r e s u l t s  
a t  h igher  ene rg ie s  w i l l  be  maximal. 





For p ions  w e  have used an average V . 
0 
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V I I .  PARTICLE SPECTRA AT 70 GeV/c 
The pion and proton spectra a t  10 mr and 100 mr and an incident energy 
of 70 GeV/c are shown i n  F i g .  XIX. 
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VIII. DISCUSSION 
Using t h e  two-temperature model w e  have examined p a r t i c l e  s p e c t r a  
from proton-proton and proton-nuclei  i n t e r a c t i o n s  a t  machine energ ies .  
f i n d  t h a t :  
We 
( a )  t h e  assumption of independence of t h e  t r a n s v e r s e  and 
l o n g i t u d i n a l  momenta a t  h igh  ene rg ie s  is exper imenta l ly  
j us t i f  i e d  ; 
t h e  ex tens ion  of  c a l c u l a t i o n s  t o  h ighe r  e n e r g i e s  by T - 
( t o t a l  C.M. i s  c o n s i s t e n t  w i t h  measured 
m u l t i p l i c i t i e s ;  
(b) 
(c) by keeping t h e  f i r s t  f e w  terms i n  t h e  summations, t h e  
low momenta, low angle d a t a  is more c l o s e l y  f i t t e d ;  
t h e  pion d a t a  a t  0’ cannot b e  explained by a s e t  of (d) 
parameters t h a t  is cons i s t en t  wi th  t h e  nonzero degree da t a .  
* * 
The v a l i d i t y  of t h e  assumption of independence of P and P (a), a l lows 
t II’ 
one t o  estimate quick ly  the  average t r a n s v e r s e  and l o n g i t u d i n a l  momenta. 
By f i t t i n g  d a/dP dPII as a funct ion of P and P t h e  va lues  of  T and 
T can be obtained.  
and (8). 
2 * *  * * 
t 11 t’  0 * * 
Then <Pt>  and <PQ> are  found wi th  t h e  a i d  of Eqn. ( 7 )  
The agreement w i t h  t h e  observed m u l t i p l i c i t i e s  does no t  e s t a b l i s h  
t h e  two-temperature model (b ) .  Only wi th  more a c c u r a t e  measurements i n  
the very h igh  energy range w i l l  t h i s  ques t ion  b e  answered. I n  t h e  f i r s t  
paper  on the  two-temperature moded4] ,  t he  problem of low momentum, small  
product ion angle  secondary p a r t i c l e s  was d iscussed .  It w a s  pointed out  
t h a t  t h e  discrepancy probably r e s u l t s  from t h e  l a r g e  number of p a r t i c l e s  
produced i n  t h e  backward d i r e c t i o n  from nucleon-complex n u c l e i  i n t e r a c t i o n s .  
The marked change i n  t h e  shape of t h e  pion s p e c t r a  i n  t h e  d i r e c t i o n  of t h e  
forward a x i s  probably r e s u l t s  from a process  t h a t  does n o t  f i t  i n t o  t h e  quasi-- 
equ i l ib r ium of t h e  two-temperature model. Thus f o r  (d) w e  cannot expect  
agreement. 
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IX. CONCLUSIOK 
The analysis of recent experimental particle spectra from nucleon-- 
nucleon interactions indicates the basic assumption of the independence 
of the transverse and longitudinal momenta in the two-temperature model is 
valid. The predictions indicate that one can extend calculations of 
particle production to higher energies by simple considerations that are 
based upon physically understandable conditions. 
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TABLE I 








Parameters of two-temperature model a t  i n c i d e n t  energy of 30 GeV 
J * 
To (GeV) T (GeV K <O >( rad ians )  k'(GeV/c) u (GeV/c)  Q 
0.14(a)  0.48 0.18 0 . 4 5  0.17 0.05 1.31 
0.14(a) 0.40 0.16 0.52 0.17 0.05 1.42 
O. l l f ( a )  0.32 0.0081 0.54 0.17 0.05 0.86 
~ 0.115(a) 0 .21 0.0066 0.81 0.17 0.05 1.10 
_- 0.43 
-- -- 0.32 
t I 
0.12 (b) 5.0  -- -- -- 
0.14") 0.17 ' 0.0022 -- 
(a) This  w a s  obtained from the  r e s u l t s  g iven  by Imaedar6] f o r  P >. 
(b) This  w a s  obtained from < P 
f o r  < Pt >. ( c )  This  w a s  obtained from the  r e s u l t s  given by Dekkers, e t .  a l .  [91 
t 
> f o r  protons of 475 M e V / c .  t 
- -  
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